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Mathematics Education Reports are being developed to dlssernin*ate inform'ation 
concerning mathematics educatign documents analyzed at | the ERIC Center for 
Science, Mathematics, and Environmental'flducation, Thitse reports fall into 
• three broad categories. Research-Reviews s'ummarize and analyze recent research 
in' specif ic areas of mathematics eaucatii^. - Rdfsource guides identify and 
^^.analyze materials and references for i&e by mathemajbics teachers at all levels. 
' Special bibliographies announce the* availability of/do:aments and review the 
literature in selected interest areas of mathematids elucation. Reports in 
each of these categories may also^ be targeted for Specific sub-populations 
of the^ mathematics education ' co*nmunity . Pri6ritie;i for tlie development cf 
future Mathematics Education R^orts are established' b / the advisory board of 
» the Center, in cooperation with "the National Council of Teachers of 

Mathematics, the Special Interest Group fpr Research in Mathematics Educa- 
tion, the Conference Board of - the Matheipaticai Sci^nceb j and oth^r professional 
groups' in mathematics -education. Individual commeihts bn past Reports and 
suggestions' for future Reports are always welcomed Jby the editor. 
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At a- meeting in April 19)6, the Advisory Board of the journal Investigations 
in i^thematics Educatioa re<:onmie;ided that a document be developed which would 
provide some perspectives on the use of ^ase studies and other clinical i 
approaches in mathematics education. The ERIC Center for Science, MatheRiatics , 
and Environmental Education agreed to sponsor the preparation and publication 
of such a document* Professor Easley was contacted — and the result is in your 
Hands. ^ 

♦ - • 

A large portion of this paper contrasts several research strategies, discussing 
in' some detail the procedures — and some of the results of threa distinctive 
types of studies. The perspectives and the premises of Erlwanger, Piaget,' and 
some Soviet studies are considered in relatioy to the techniques and outcomes 
which resillt from their work. Then the uses c^f clinical research in the class- 
room are discussed — both the use of research results and of research methods. 

Finally, Professor Easley cites references which readers may find useful in 
further exploring clinical studies. The result is -a document which is unique " 
in providing Information to consider as alternative patterns of research are 
sought . 

ERIC/SMEAC is pleased to make this publication available to mathematics 
educators and others interested- in clinical approaches. 



Marilyn N. Siiydam 
Editor V 



This publication was prepared pursuant to a contract with the National 
Institute of Education, U. S. DepaTrtment • of Health, Education and Welfare, 
Contractors un^rtaking such projects under Go Vemment sponsorship are 
encouraged to exgtress^ treelo^ their judgment in professional and technical 
matters. Points'H^f vvew or opinions do not, therefore, necessarily repre- 
sent offijcial National Institut^ of Educat:ton position, or policy. 



ERIC 



/ 



' ON CLINICAL STUDIES IN MATHEMATICS EDUCATION* 



A. Easley, Jr. ^ 
Committee on Culture and Cognition 
Oniversity of Illinois at Urbana-Ch^mpaign 




In recent *Vears ^there, has been an upsurge cff case studies of individual 
pupils in mathematics programs, and any^?ff?I^sed interest in Piagetl's 
clinical studies of children '/S thinkl/f and other types of high-ipference 
investigations." Such studies appear /to violate the canons of reseai^ch 
tradi;feionally advocated by spe.cialisrs in measurement^ and statistics, and 
many p^sons report they^ don't know mow t?>, evaluate clinical studies or 
how to use them in advancing their own understanding of Che field. This 
monograph will. discuss general conceptual and methodological issues that 
appear to blc^ck adecjuate evaluatioA and use-o/ clfnical studies and \7±lf 
illustrate these issues with detailed discussion of representatives of 
three major kitrfls or schools of clinical studies in mat-hematics education. 
The last two Sections will discuss uses of clinical studies -in mathematics 
teaching an^iritroduce a general bibliography of studies known to this 
reviewer* / ^ 

/ . ■ 

/ 

Contra^^ting Research Strategies j ^ 

/ V ' ' 

recent paper (Campbell, 1975), Donald T. Campbell reverses the 
tion he took against individual case studies in earlier papers such as ^ 
bell and St«anley (1966), Campbell (1961), amd Raser, Campbell, and 
dwick (1970). Then, he had argued that studies in which, a -single group 
ah individual is studied, only once "have such a total absence of control 
to be of almost no scientific value" (Campbell and Stanley, 1966). Now 
he concedes that case studies may indeed have scientific value and that he 
had "overlooked. a major source of discipline. *' An alert social scientist 
eng^^e'd in a clinical study generates dozens of pxtedictions and expectations 
that are tested by his or her observations, and he^^^o.r she is unlikely to retain 
a theory or interpretation unless most of the predictions it generates a^re sup- 
ported by a large number of key data. In this Way, then, a case study' (or a 
clinical study) is seen as more like a ' pattens-matching task rather than 
as focusing on a^singi'e prediction and observational testing, as ^p mo st 
conventional experimental Research. . It is clear also that practitioiie^ 
of <case study ^methods tend to use the data gathered to help them shape a 
new theolry or select among general theories rather than to. test "a tneory 
chosen iri; advance. They seek to discbve^r the natural processes occui;ring 
tather-.fchan to determine the distribution of an association or a p'rocess, 
in a tpoi>ulation. ^ ' ^'^ 



Campbell^(i975)' suggests that cjk^se studies should tabulate those 
hypo^netical cons.equences of the theories held in advance th^t were 



*Th^ author is indebted to many of his collabdrators and students 
coosiderably beyond the sources indicated,. While it is impossible to list 
thfem all, Beth Dawson, Bdb Davis ^ ^b Stake and Marilyn §uydam deserve 
s/ecial* attentijon. , . ■ ( , 
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•supported' or refuted, and the reasons, for the step-wise changes that were 
made in theory during -the study. Stake . (1976) , advocates that a case - 
'study should be written in such a 'way as to carry the reaSer vicarious-ly 
through thfe experiences that th^ case writer had. Since case study writers 
:are often payirig less attention to the common theories than the emerging 
picture," t^iis could mean that the readers have to kefep their own 'counts of 
predictions supporting or refuting .their own modifications of their own 

* developing' theory. .What is clear from the literature on case stud^ method- 
ology (and confirmed by my own experience in^ training case study researchers) 
is th^t a skeptical and detacned attitude on the part of the investigator 
usually results in rather dramatic changes, in his or her preconceptions 
and produces an awareness of preconceptions he or she yas not aware of 
having. When a case or clinical study seems to confirm preconceived, ideas , 

^ I then tend to become suspicious that the study, wa^s superficially done and 
that very few consequences of those ideas were actually tested again.st the 
data 'generated in the study. So I think that Campbe^'s suggestions are 
good ones in the sense that they would help the inexperienced investigator 
follow the significant advances in a case study and distinguish between 
those observations that..make advances and those that do not. This does 
not p'reclude also following Stake's advice in doing the writeup. In fact, 
it should help alert reader^ to make "tables'\of their own preconceptions. 

Wli^^ther a study simply tests hypotfheses that were already fon^ulated* and 
seriously entertained, or undertakes -^o develop a substantial advance in 
theory, however, is not the only issue that divicfes the two contrasting 
strategies^ research. A second major i6sue is that of generalizabili ty 
of results. Experimentalists feel that they can generalize, their findings 
from an experiment to the population as a whole because they h^ve drawn an 
, adequate random sample from the population about which a hypothesis speaks.* 
Clinical researchers feel that they can generalize from a study of a 
single -case to some other individual cases because they have seen a given 
phenoihenon in one situation in sufficient detail an d^ know its essential 
workings to be a^le to recognize ^it when they encounter it in another', 
situation.** On the conventional strategy for promoting generalizability, 
methodological canons are also beirfg challengexl. It should be recalled 
that the theory of inferential statistics gives us the projjability that, ♦ 
in a series of experiments .with a random variable , the result obtained 
could have arisen by chance alone._ It does not speak to uncontrolled . • 
observatiohs encountered, in the classroom or in daily life. However, 
Guttman (1953) contended that sampling theory alone dofes not solve the , 
problems of prediction and external Validity , even within a series of 
random experiments. ' Ibis led Cronbach et al. (1972) to, develop a theory • 
of generaiizability tHat resolves some ofv the problems of thi^ sort. How- 
eveir, those authors cltd not directly address generalizability ' beyond the, 
conditions of a research design, although the/ do poir\t to ways 'of 
estimating the accuracy of possibl^e generalizations. A m^jor contribution,. / 
^of their work is to distinguishr ^the different domains from which ^a set of 



*This presupposes som^ distribution law — typically a normal distribution, 
of construct variability in the population. ' \ 

**This presupposes that phenomena occur in natural typps each^of which is 
based on an underlying structure. • ' ' 



pbservaCions may be *c<:fcsidere<f to have, been draim and the probabilit>: 

values that attach inferen(^es from the data collected to these different 
domains. (For example, reliab-ility of observational instruments cannot be 
defined apart from a given do'main. ) tatev Cronbach (19750 recommended, 
something ap^^roaching ,Ulie more sefious case study, when he^ wrote (after 
reviewing the merliodoiogicai problems of aptitude-treatment interaction 
btudies); ' ^ • " 

Instead of making generaTi^ation fhe ruling consideration in our 
research, I sug^gest what we reverse our ^priorities An observer 
collecting data in one particular ' situation, is in a position to 
^ • appraise a f)ractice or prof\osition in that setting, observing 

effects in context. In trying-to describe and account for. what 
happened, he will give attention to whatever variables were con- 
trolled., but he will give equally careful attention tp 
uncontrolled conditions, to personal characteristics, and to 
events that occurred during treatment and measurement. As he 
. goes from situation to situation, his first task is to describe 
and interpret the_ effect anew in each lor^ale, perhaps taking 
into account facftrs unique to that locale or series of events. 



Cronbach' s description of the , research strategy he now recommends is 
reminiscent of a statement by McLean and Stanley (1964) that "experimenta- 
tion and analysis have more in common with^ an exciting treasure hunt than 
with a cut-and-dried mathematics' exercise. " Both statements point to the 
possibility of seeing common processes underlying the various kinds of 
research reporting, and the realization that the advancement of Under- 
standing' is a human enterprise which, involves creative processes beyond* 
the capacity of Automated data processors alone. 

Unfortunately, due to the traditions involved in reporting both experimental 
* and case or clinical studies, it is the exciting generation of ideas and 
revision of expectations that is usually left out and which readers h^e 
to supply for themselyes. The positivistic movement in philosophy in r 
guest of objectivity, ^attempted to rid science of iTTtuitive and humarr 
elements, but; it is fading in thfe light of the realization' that^ a purely 
mechani,cal process stifles the very creative impulses needed for the 
advancement of knowledge. Having read of experiments demonstrating so-*, 
called Hawthorne and Pygmalion effects, we may' somet imes fear our all-too- 
hUman tend,enci,es toward self-fulfilling pcophecies and want tff put on the 
4ouble blinders of the rigorous test of a new drug. But we 'also liave the 
optiun of opening our eye^ wider and observing ourselves as exp&ctant 
participants in and expectant observers of instructional situations. This 
'is the iiiore promising effect of >cli'nical studies, for blinders generally 
eliminate faj- more helpful information than the nnr^n format ion they clean 

For example,, subjects sometimes try to say what they think the interviewer' - 
wants to hear. An experimentalist tries tcT disguise his or her intent. 
The clinical interviewer can ask more questions; Serious^ efforts are made 
by Piaget, for instance, to discriminate between answers ^children may give 
"at rahdom," answers given to please the i^tervieiier , and answer^ based on . 
' convictions 'of /various kinds, involving various degrees of spontaneity, 

. •/•'-.. .■ • . 
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etc. (Piaget, 'l929). Clearly, in interpreting a clinical interview 
protocol, 'not every datum is, to be taken aa just as valuable as ever)*. • 
other, ^nd other data must^be br^rffeht to bear to make ohodces among 
competing hypotheses (Easley, 1?74). In dealing'^with such" problems , 
'clinical or case studies again make possible a mo^e direct and more 
intricate connection between theory" and data than does the experimental 
method with its formal, decision-the(^ry apparatus. It is well to not;e 
that, in the ^natural sciences, the term "experiment" is not usually 
defined so narrowly as in the books on experimental design, and reports 
on research do not follow such rigid canons as are common in experimental 
psychology and education. (See Driessen and Derbyshine, 1966, and W^lberg, 
1966.) In education, it might seem that theoretical training ani back- 
ground is less needed to read research reports than in the natural sciences. 
To read most experimental reports, however, a knowledge of statistics is 
required.' To read clinical or c^s^ /'^<ud/es , prior Statistical training 
seems to be little demanded. This may contribute to thfe feeling tnat they 
are less scientific. However; as I shall attempt to- show In considering 
three distinctive types of studies, appropriate kinds of theoretical know- 
ledge are needed to make gense of each type. 

Each type has a theoretical or practical perspective from which the 
clinical researcher starts, and an attempt will be made to point out what 
^ kind of chanrges in p^spective the .researcher is forced to make by the 
events of the clinical study themselves.. It is regrettable, as Campbell 
points out, ^ that few writers of ca^e or clinical studies keep such a tally 
fo^ the reader, although a reader who is alert for such changes will .often 
find .evidence of them. However, following Stake's suggestion that the 
audience of the case study needs to be able to relive the experiences of 
the investigator to some e<tentj we urge readers of the jaext thrc- soctiuns 
tc ke€'P their own lists of any assumptions which might be challenged by 
the kind/of clinical data discussed. However, the real test would be to 
read the original studies. It should '^be emphasized that clinical studies 
have a pojverful contribution to make to professional knowledge; however, tlie 
contribution does not lie in summaries or conclusions .but in communicating 
new ways of seeing through ^thoughtful reading* 

In the .first two examples, Erlwanger's study of Benhy^s conception of 
arithmetic, and Piaget and his colleagues' study of the conservation of 
cot^tinuous^ quantity of liquids or plastic substance, the aim is a kind of 
comrabn -sense epistemology — the view that in order to communicate a cenrtain 
sense to someone a v/ell-chosen set of examples is required.* Many teachers 
have 1 on ^ known from practice that conventional ideas about mathematical* 
knqjj^ledge- are suspect, and it is only .the research community in mathematics 
education that tends to keep them alive. In the third example,' from recent 
Soviet studies of mathematics learning and teaching, it will appear that 
epistemology is of little interest and that the ptaotices pf the best 
teachers are what are b.eing tested. Where they fail, imaginative remedies 
are S9'ught, but no general assumption^ about leaming'are either being 'tested 
or developed. Only after some familiarity with examples of such onajor types 
of clinical studies can we address th^^ question^ Of what use are these 
^studies to teachers or teacher educators in- mathematics? 

In writing^ this monograph, I am responding to an historical phetiomenon' — 
the growth in attenttion' given to parti^cular studies— and I cannot defend, 
all clinical method^s'nor recommend them in the abstract to practical 
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educators. Af.ter years of trying ^tq .teaclj cllnjcal observation and - : 
Interviewing 1 can only 'm^ke this general predict j-on: A few readers 
will find* something. of Value in what^ others have foimd; somewhat more 
readers wfll find clinical methods useful if ^ they carry them out them-*- 
selves, oriented to problems of— personal interest; but many mpr^ are 
likely to'find^that such studies only reveal individual variations in 
learning of no general value and of little ^interest. A# few readers^will 
discover that they open th& doors to understanding the human mind* 
Proceed at your own risk! 



Erlwang^r's Studies of Children' s' Conceptions of Mathematics » 

Stanley Erlwanger' ^doctoral dissertation (1974) contains six case studies* 
of children's conceptions af^ arithmetic which are being published serially 
in' the Journal of Children's Mathematical Behavior by the Curriculum 
Laboratory of the University of Illinois at Urbana-^-Champaigi^ These 
studies exemplify a growing number of other stddiesof children's arith- 
metic in that jourtial,i in the* Arithmetic Teacher , and in other publications. 
They are morfe directly related to school curricula than Piaget'^ studies 
and more detailed in d^ocumentation than the Soviet studies-- the two . 
other major types to be considered in this monograph. Erlwanger's studies 
have ♦als'o attracted considerable attention and generated at least ^two 
different interpretations, as, f^r example, can-be seen by comparing my own 
editorial notes in Erlwanger (1973) with those /f Davis in Erlwanger (19 75). 
Davis assumed that "mathematical unjierstanding" means "correct understanding' 
according to current views (not, for example, prehistorical counting, numer- 
ology, the Pythagorean theory of rationals, dv even the Newtonian theory of 
infinitesimals), and attempts to use artificial intelligence procedures as 
models or thought. I accepted the child's statements carefully listened 
to as tnk authority for what his understanding is and looked for natural 
biologicfi^- processes to account for them. So one,sqpuld expect each to 
choose a different response to this remark by Wittgenstein: ^ 

It is clear that we can make use of a mathematical work for a 
^ Study in anthropology. But then one thing is not cleat: — 

whether'we ought to say:. ^This writing shows us how operating 
^ with signs was done among these people,' or 'This writing 
shows us what parts of mathematics these people had mastered 
(Wittgenstein, 1956, p. 97e>. . . - - 

We cannot hope to resolve such controversy her^, for each reader brings 
his own preconceptions of the natujfe of mathematics and of ways of improv- 
ing mathematics education. Erlwanger notes a "similar contrast in pointing 
out that recent reforms in mathematics education' have been "directed at 
in<yreasing children's understanding of mathematics," and that these 
reforms 'emphasized unifying ideas by introducing certain new content and 
,refining .symbolism. Then he cftes Brownell (1944a), Buswell (1949), and 
Glnsburg (1972b) in support of the alternative goal of discovering how 
arithmetic is understood from the* child's point of view.* Presumably, both 
of t h ese th eo r e tic a l per s p ec tives are opposed to the behaviori,sts ' view, 
that arithmetic is a set of responses correlated with a tfet of stimuli, 
'Which seems to characterize the Individually Prescribed Instruction (IPI) 
mathematics program which Erlwanger's subjects were stutiying in -school. 
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In his introductor^chapter and in the first case st;udy (Benny) Erlw^nger 
declares his allegiance with Buswell's view that meanings ^ in ^arithmetic are 
what children think and not necessarily what adul^ think. > , 

Benny, a L2-year-old, had recently completed several o^ the IPI exercises 
on decimal fractions. While he admitted "that he usually didn't get them 
right .on the first try, he claimed that, after having his answers checked, 
he-cCuld figure out- what was wanted on a particular page*. (His teacher 
supported this claim, indicating Diiat he yas a hard, worker and'otie of the 
best mathematics studentsT in the fif'th- grade . ) .In explaining his work on 
* one proBlem, Benny say^ : ^ ^ ^ ^ 

Wait, I'll show you something.. This is (has?) a key. If I ever- 

get ttiis one (i.e., 2 + . 8) .. .actually , if I put 2 8/10, I gA 

it wrong. Now down here, if I had this example (i.e., 2 + 8/iO), 

and I put^i.6, I get it wrong. But. really they're the same, no 

matter what the key says. 

• * * *i 

and later, 

* 

If^I did. 2 + .3, that will giv^ me a decimal; that will be ,3. 
If I did it in. pictures (i. e physical models) tnat xjiil give 
me 2.3. If I ddd" it in fractions like^this Ci.e., 2"+ 3/10), 
tteti^will give me 2 3/10. JErlwanger, 1973) / 

So he knows the answer that w,e consider t,he right answer, another ofie we cjon 
accept;, and still anotf^er answer that we nyLght accept but' fehe key doesnVt. 
Since his t^sk is to put down the one answer that the'kq^ accepts. Tie fetels 
\ie has to explore all possibilities, and since' the key accep-ts some answdt^ 
that he doesn ' t ^undersjtand physically, he doesn'^t take! the physical>ay as 
^a final authority. It ^-eminds me a little of these queries* of Wittgen*- 
stein's about whether we agree on what agreement means: 

Would it be poj^sible that peopTe should go through one- of^ our 
calculations today and be satisfied with the conclusions, but 
tomorrow want* to • draw quite different conclusions, ancT other ' 
• ones again on another day? • . ' v , 

Why isn't it imaginable tliat it ^hould regularly happen like' 
that: tiiat when we make this tra^^^ipn one time, the nex.t time, g 
^' 'just for that reason,' we' make a different one, and therefore 
(say) t^e next time the first on^ again?... It might be^ called 
a need for variety ... Are our Laws of inference eternal and ' . 
immutable?* (Wittgenstein, 1956, p. 45e). , ^ . • 

Now many mathematics educators have Irgued that once a child has'under^ 
-stood the, physical basis of an operation, he would always be able to 
perform it in a meaningful way. We see tha^:, whi^e Benny is not alternat- 
ing between what he calls the .decimal way,, the physical way, and the 
fractions way, as Wittgenstein's remarks might fancifully suggest, fte is 
not .consistently using just oi\e way, which is the main point of Wittgen- 
stein's questionirfg the assumption that consistency is. only natural. In 
fact, for Benny's situation, in which the key ^arbitrarily results in**his 
getting marked' wrong for responses -which make sense to 'him, the more' 
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different ways he has to try, the more appropriate becomes* a trial-and- ' • 
error strategy. This he makes ivery clear in his perception of what is * 

. \ necessaty . • ' ' ' . . ^ * 

, ' ' >,'»•/ 
This pattern, x^icH is amply stipported throughaut the case study, ^Iso 
' eliminates, another common assumption made in teaching arithmetic — that ' ^* 
right answer^^represent correct understanding 4nd wrong ans\)ers represent 

, * either misunderstanding' (if frequent — for IPI; if more than 20% of the " 
test questions of d given type) or carelessness (if infrequent).^ We see' 
^ that Benny's three ways o{ interpreting Hecimi^ fractions could result / 
in his getting a page 100% wron^ by dny arithmetical standards (2 + .8 = 
1.0), or 100% right (by what he calls "in pil:tures") , or 10^0% wrong-^by-the- » 
• key *(2 + .8 ='2 8/10) bu-f right-by-the-def inition-of-decimal-f ractions . 
One might think he could more easily find the pattern that an6\i<?ei/S riglit- 
b'y-physicai-mddels trivially, reduce 'to answers^ that are right-b^-the-key. 
However, it is clear that^he has' not found" that seneraiizationT-af ter ^ 
•all, what is "trivial"? One is ultimately led t^^the cdnclu^ion that- the • 
different styles of notation (e.g., ..8 vs. 8/lOj are nat the only*thing 
he pays attention to. Cl'early, he also pays attention to meanings (e#g., 
he knows that .8, means 8/10 although he al^o'^knows that only one of such' 
equivalences match th'e key). Scf, one must entertain thje hypothesis that, 
sometimes, Ben^y respon^ds to questions ii\ terms of meanxngsf (physical 
pictures or equivalences-s) and sometime's ih terms of the patterns of the 
^ymbpls. So we- reject .the hypothesis that symbols ^e always meaningless 
or always meaningful, and tha<^ may be the key to why he cannot discover 
t " the pattern that physical meanings ("in pictures") always give right 

answers. Clearly, the other ways do noC always give- wrong answers, ^Recall 
' * that^uch different ways are described by Benny in the discussion of a 

- - given problem. They app^ear to enter his mind briefly while facing a given 
problem and not to function consisterttly as exclusive ways of thinking for 
a whole set of problems or for a. week at a time. ,We can 'also reject, on 
the evfdence'of Benny*^'s testimony^ the com»ion view ^at children -usually 
know when they dofi*t .understand Ho\^ to do a problem. Note, that th^ way we 
state that assumption implies the awareness of a single, canonical procedure 

* for doing a problem. Benny clearly cannot tell whether Jie knows the right. 

way to do a problem until he gets his papeY checked. It^ might be said, in 
contrast that Benny'^'f eels more or less the same about different ways of 
dealing with "problem. From his perspective, not our^, lunderstanding how 
to do a problem is having a way to proceed come to mind. In Piagetian 
terms, this ik assimilating '(with or without accommodation) the problem 
to a general schema of some sort which simultaneously directs the procedure 
and gives a sense of recognition or of understanding. 

PiageL^'s Clinical Studies of the Concepts of Number and Physical Quantity 

Having seen in the last section how the interpretations of Erlwanger * s case 
studies are rented to fundamental' ideas abo\it the nature ^of mathematical 
, kno^iedg^ and learning, 'It should come^ as no surprise that Pi^get's clinical . • 

studies a^ctually have 'the development of such epistemological ideas as th^ir 
* gc^l. Piaget calls this thrust of his work " genetic epistem©logy" because \ 

^ he is developing a theory of the.xDriginfe of mathematical- and scientific 

( knowledge, which relates the history of Western science to*^he development 
*• of quantitative and logical ideas in the indiviidual (see Easley* 1977). / 
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His theory .is' mc5Te/iiitric3t^ by fa^^ than the^ more familiar psychological 
theories of learAirt^fiiy.^.^^ondtt^a:qti^ e^^ampie , in regon^tructin'^ the 

detailed processes .an(f sl'qt^^nfcefi^if children '*s* thou^t , he makes usd of 
fundamental jnoderil Tnathematictfl . concepts (like transformation groups ox 
Eoolean Algebra, instead of the numerical mathematics- of probability or 
ntta^urements . ) Educators 'and psychologists whd attempt to (ype rationalize 
Piaget-'s stages" o£ intellectual ' deyeloRn\enl 'jniss /the main pointy. As' 
Leahy "(1974) points .out, Piaget aAd S'zemirfska/s book , 'Tlie Child CQucept ion 
of Numbe r (1952), contains a far mo re, ^de tailed quasi-qjathem^tlcal discussion* 
of the way in ^hicli children develop cohrepts of 0Qj>tinuous' and discon- 
tinuouS' q^uanti ties than; has been Considered, or even understobd, by*most ' 
\ngio-Am^rican psychologists. The problem' is in part ti;iat few people^are 
prepared for the way in <irhich» Ei^get uses mo(^erTn riathematical coacept's ^^o 
mode i-< children's, early' sensory-mo tor de\^eiof)ment and^*thelr later deve4.op^ 
ment of such tradi tionax mathema^^al concepts* as number and continuauii 
quar\tities (like^^amoun^ of ' liqu||^ 'to drink, weight, length, area, and ^ - 

volume). In part, the problem i^s also that fiage^'e theory of knowitidge' *' 
is non-empirical. That is,' he dbe^not acQept the prevalent j view that ' ' 
knowledge* Arises* from the imprinting of information from the- environment: 
on the organism^s M^hly plastic storage sy^tera^. Inst^^ad", he^^believes that 
the "reMexeS'* whiich organize the fieo-nate's sensSry-tnotor system selectively 
assimilate ai^p^cts of the environment to which tliey can^ re'spon'd", &d thereby 
proWde a functional inte rpre tati'on for these aspe'cts* the pirocess- of 

^he interaction of the organi'sm with its environment, new syrrttieses', enlarge- 
ments., and refinements of these st;|uctures are produced. *In*sliQrt, the . 
organism constructs acknowledge of its environment from its own prior 
orgcinizations , and can only know wiiat it can assimilate; 'to its own 'organi^^ihg 
structures. ^^H^ radical ^ cons tructiyism faces numerous c^estions;". Why is ' 
the patnway of, intellectual development so similai: in individual^ who are* 
raised in very .different envi ronmer^t'a^ 'Why i$: the newly emergent organiz- ' 
ing^tructure in a child not immeldiaSte ly available for i>se in the whole * 
range of situations to which mpst adults readily apply it^? Why do manv • 
striking examples' of- intuitive concepJ^s~that- Riag^t/ describes in young*^ 
children resemble concepts which have only recently been recognized as 
powerfjul tools by mathematicians and S(^ien*tist56 ; e.g.,*- the nonpemianent • ^ 
object, -the displacement group, conservatism of momentum '.and energy, a^ 
concept of speed not equivalent to the ^atlo of distance and. time, and, 
with somewhat older children, atoms, action, and spatial concepts of 
^gravity? Are thefee merely read into t-W^ behavior of children because of 
their impor#aace in Western thought*, or do they* represent ,part of^ a uni- » 
verbal repository of concepts which adults Ojan draw on and forraulate in r 
their' speci^dlized constructions? . • ^ , ' 



/ « . ^ ' , . • ^ 

*lf so,>how does that differ from ethoJogists reading intp vafiou?^ pc^tures' 
of animal behavior humanoid concepts sach'* as '^threat, '1 "^ppeasemej^t , " 
"begging," "displacement," and on a longer time srale the ^"bonding" of a 
pair of birds? From the new science c5f 'ethology ,' we may le^rn. tl;at 'the 
question is not whether it is "read in" but whether doing .so' inakcs a • ' * 

useful theory, which* raises iiliQlicitly ".-another problem, namely* how the * 
th'eory can 'be i^ed. * * . ^ * ^ • ' '* ' / 



« ; 

Mathematics ^duca.tors, one mig£it think, would-be extremely iiit!ere;sted in a. 
theory that* uses concepts of '*new math" to explain^ how children, indepen- 
dently of* any sfchoolir>g, con,str:upt 'concepts of ""^old matfi."'*But no one* 
seeiAs to have taken the effort to* work out a- detailed exposition in con-^ 
ventional matt^ematical .form b{ more than a few fragments o^^ the theory 
Piaget ^proposes , and 'few have ipven trl-ed to discuss the .implications .of its 
njathemati-cal bas'is for uhder&tanding the nature* of language, mathematics, 
and .culture* ^'As Pape'rt suggested, the probl^nr i^ay He very much , in the 
novel' uses tc? !whicfv Piaget :jputs l<3^ic,al and other\n^thema^j[^^^ncepts 
Also,' His theo^ry conflicts strongly witj=i the'prevaiiing^HHBHE children' 
mathematica'l concepts' are ideas whidh must have be^n- tiPPH^S^them o^ir. \^ 
which, they 'must have "caught" frorii their cultural^ environment, rather than 
ideas which they , devfeloped^ themselves' fey interacting mainiy .With their 
Iphysical-envirbnmerit (Papert'/ 1963). - ' ' . \, ^ ' 

Among the |bestw known ^of ^hose who att^'empjt to summanize Piaget's theory and 
cri'^icize 'it is Jerome Bruner. His attempt Xo expres^the theQ^ry is repre- 
sentative of the difficulty, educatots and psy<iholtxgi3ts have with Piaget^s- 
theory. He says < for exatnple;. ^ » . 

. " ' ' • *\ . " ^ 

The achievement of this stage (conservation)' permits the child. > 

to perform ^additional opefratlons operation^. conce^.ved by.Piaget ' 

to be organized in the form, of mathematical groupings* One of 

,these groupings, involves the multiplying of 'relations. One such 

. forin, of the multiplying of^ relations is -call^S ^ittpensatipn. ^ 

That i3, t»he child when confronted with a tall, thin beaker ^nd 

a short, fat one filled with liquid to a lower level supposedly 

muiti^plips 'gr^ateryfieight ' by 'lesser yrLdth' and c^es out with , 

^ 'equ^l qvianti|;y' ^runer, 196^, i^p. 184-185). , 

In order to-^compare this statement withvthe original theory of Pi^et* and 
Szeminska and- also to pave the way for considering more recent developments 
in the theor^ we need to- explore "brie fly tl^e mathetijatical ideas invalved.^ 
Th^ term -"groupings" refers to structures Piagfefe defined which bear some 
relation to a group, as (defined in modem *^Algebra. They are not, however, 
closed stnjctiires f or operations oa the elements of the group are limi-ted 
to* "neighboring*' elements rather than defined across the -entire set of > 
elements.* As Witz (1969) showed, grouping I is a semi-lattice an^^^^tab- 
listies a partial-order relation on classed of objects. An^o the r grouping 
partially orders ^relations among objacts ar^ anothet orders two relatixjns 
at once, .giving rise to what Piaget call's "'jniiltiplication of relations."' 

Thejjttrm ^'multiplying of telations" is an iiriportaht process in much'^of 
Pla^rcls conceptualizing of children'^ thinking, but Bruner seems .to be * 
saying th^t the multiplication of relations can t;ake the form^of a compen- 
sation which permits the. child to' compute the' equality of a -quantity of 
liquid before and after the transf onrfatlons of its shape by pouring it 
into a'taller, narrower cylindei:.. Piaget . and S;:emingka,' howeyeri are quite 
explicit lu their statement^ that this is impossible. It' is not that^th<?y > 
''CLre looking for a logically ^sufficient argument for conservation, such as 
-might be bad f rdta a formula for the volume of^ cylinder or> from an axiom 
of the incompressability of liquid. On the contrary, they- have found that 
'a metrical concept of Volume does not appear until chiidre^ .reach the age 



of abot^t 11 or 12, and thjey are trying to explain why, at around 6 years 
^ of age, mos*t children acquira ah unshalcable belief in the conservation of 
^the amount of liquid (e.g.,. amount to dtink or amount af substanqe itself). 
This ^ppe^ts to be a nonempir^car concept ,^ in the. narrow sense that, such 
childjfen couldn' t, have generalized from experiments w:^th weight (sensed 
kir>estheJtically or .even, by means of. scales) since, at this age- they still 
don't believe in the conservation of weight, or length, or any other,' 
relevant "property" except possibly the number of discrete object^. Instead 
or a. logical proqf or 'an empirical generalization, what Piaget and Sizerainska 
' are seeking to explain is the development of tha^ystem of concepts which 
X have the psychological effect for the child of n^^ing the cons't^xvation of 
subetance over transformations of shape a selfrevident, necessary principle. 
In order to have thjs function, a^ Witz^ (1969) points out It is necessary " 
to connect^ the mathematical structures with .the Situation in which t\i^ 
clinical interview is conducted. In parXieular, we must demonstrate "the • • 
application of these concepts to the conditions of the task in which 'j:he 
conservation of liquids (or othex continuous substance) is investigate^. 
. We shall take however , an approach to this, task that ^should 6e more 
familiar ^o mathematics edi^cators than Piaget * s own. 



Although .relations of various kinds (numerical, logical, functional, 
^ometrical, et,c. , as well as familial, politicfl, and other Kinds of 
social relations) were familiar .objects of discourse for hundreds if. not 
thou5aads of years, in the early 1920s, Norbert Weiner, later Lhe-fbunder 
-of cybernetics, prop(jsed*^a new definition of "relation" in terms of the , 
^concepts of set theory. His definition, th^t a binary relation as any set 
of ordered pairs of elements which are all members of a given set, proved 
to be exceedingly useful* to mathematicians in v'arioi^ branches of the sub- 
je'ct, fittitig in well with -the growing interest in both* logic and set- 
theory following the impressive work of such men as CantQr, Boolp, Hilbert, 
and Frege. One important distinction that emerges from this definition is 
the distinction between the subset -of the. given set consi'sting o*f all first' 
components of the ordered pairs belonging to a relation and the subset of 
the second components. Starting from this definition, relations may be ^ 
divided into four types based on the type of correspondence between the set 
of first components (domain) and the set of second componentf^ (range) of the 

' ordered pairs in a relation. Some relations have a one-to-orre correspondence, 
e.g., "present monogamotis husband of," which mape the domain of monogamously 
married, women into the range of monogamously married men,,, or "integer suc- 
cessor of/ which m^ps the domain con^iTsting of all, integer^ into itself. - 
'(Domain and range are identical here.) Some relation* Are many-to-one, sych 
^as "square of", which maps the domain- of all integers into the range of 
square integers. (Thus (-2 ,+4) and X+2 ,+4)y ^both belong to this iielation.) 
Tliese first two types,* together, coggtitute the kirfd of relations' called* . 
functions. Other relations are one-to-many^ such as "offspring of", which 

^ maps the domain of parental couples into the range of people. 'The fourth 
kind vof relation consists of many-to-many relations,* such as "brother of" 
or "sister of" and "greater than", ot "smaller than." 

One special kind of many-to-many relations, consisting of all the sets of 
ordered pairs that can be formed between a first set taken as the domain 
~ and a second set taken as the range, is dalled the "Cartesian product'* ol 



10 



ERIC 

hmimrflnrfrnaaa 



14 



the two sets. For example', the Caftesian produo,^ of '{1,2,^3} and ,{4,5,6} * 
is, {(1,4), (1,5), (1,"6)', (2,4), (2,5), .(-2,6), (3,4), (3,5), (3,6)} (see ^ 
Figtire 1). , - *" 



A relation 
• on {4,'5,6} 



C5<6) 



0 



(4<5)^< 



4 • - 



(1,6) 



• r 



(2,6) 



I 

(3,6)' 



(1,5) 



a<2,5<6J . r 2<3,5<6 j ' 



(2,5) , Oy5y 



ri<2,4<5y , ^2<3;4<5 ■ 



(1,4) 



U,A) ' (3,4) 



(K'2) 



(2<3) 



- / - relation on {1,2,3}^ 



/Figure 1. The Qartesian product of two sets {1,2,3} x {4,5,6} 
and (in the ovals) the Cartesian product of two asymmetrical 
relations defined on those sets. • » ^ 



The Cartesian product of two sets of ordered pairs is a &et c^,ordered , 
.p^irs whose components are all the ordered pairs formed by cTOosing first 

^members from the first set of ordered pairs and second members from the 
second set, i.e., it is a set of ordered pairs of ordered pairs. This Is 
what the Cartesian product of -two relations its, since a relation is a set 
of ordered pairs. Does this concept ade^ately represent the result of what 
Piaget and Szemi^ska aAd others from Geneva refer to as "multiplication of 
relations"? With Weiner's definition^ it cannot be Qtherwise. However, 

. Weiner belongs to the positivis|tic tradition which Piaget and his colleagues 
roundly reject. ^ ^ ^ j 

The Genevans refer to "logical multiplication" as a general operation* and 



*Piaget and Szeminska (1952, p. 244) define logical multiplication as express 
ing "the faciit that two or more attributes are considered s,imultaneously . " 
Inhelder'and Piaget (X964, p. 178) explain that suclTa "Limple multiplica- 
tion" is abstracted froitf "complete multiplication", i.e., complete cross- 
classification, ' ^ . 

^ " • - 1115 ' . ■ N - 



"multiplication of relations" as a specialized form of the former. If w6 . ' 
chdose to represent By a Cartesi^'prodiKit t,he result of "logicaj. mu'Iti--' ' 
mLication," we should note thft logical multiplication is, not coqpmutative 
^ince for any two sets^^^ and B, where A is not identical with B, A x B is 
nofc the same as^'B^x A'^ f^r th€ orderlof all the ordered- pairs in the product 
would be reversed. ' The re^^r can also convince hiijisdlf -or herself .th^t 
forming Cartesian pcQducts of noniientical sets is not -associative either. 
Why then would mathematician^ use' for ^this set a term like "product"-, and 
why would Piag« use for the Operation a term like "multiplication"?' The 
answer is that, if .cardinalrHijJ^>ers. are defined as Russell -did, by a 
process of-gr®uping tbgether atl>^^ets .whose elements 'can bQ placed in 1-1 
correspondence (thus d'^fining the rnitri^^Ttwo\^ the set of 

all donables), then the product ;of any tHp>rat3lnal jfw^rs A and B is the 
cardinal aumber C of Cartesian product of twcf sets whose cardinal numbers 
are .A and * U^ile P.iaget and Szeminska reject Russell's definition of 
cardinal number, they.seeirf to accept the idea of multiplication of sets 
whicn Rus3eil*s definition employs (they' call it "logical multiplicatf on") . 

- f . ^ , ^' ' 

-Notice how the concepts of '^ogi^l 'fhultiplication" aod "Cartesian product'' 
differ from the common definition of a "pr-oduct" in many elementary school 
textbooks as the sum result ing^fT"bm sp- many rjspetitipny of the addition of 
3 given uunber to-' itself and o£ "multiplication" as repeated addition,* The 
iaea-'of repeated addlSt;io-n enables chxldren to fill in sthe^multiplication 
tables and check re*sult^ of'*the multiplication algorithm by another method, 
but Itx is of no help in understanding, .for example; how areas and volumes 
are found by multiplication or' how velocity multiplied by 'time yields t 
distance traveled.^ (It is^^surely from applications of multiplication like 
these that a "magical" view of arithmetic frequently arises and tliat 
children become' unaDle to decide, in a word p^roblem, wh^-ch operation t^^ 
perform on whicn pair of numbers,.) Wit^ set models of^ liije segments, one 
can' construct by' logical Multiplication ^ set n^dels of areas, volumes, and 
other physical quantities, an'tf even make meaningful the ttiultipiicat ion by 
transcendental nVmibers lik% p±. According to Piaget, however, the abstract 
theory Ineeded to spell, out these conceptions explicitly is , implicit ly 
developed by ail children in their out-Of-school thinking about their 
environment.^ The prpblen; ig tfiat they are too often unable to connect 
their inti^ilively de\^loped notions of quantity with the explicit arithmetic- 

of bCifooi, ' * ' ' 

'•";/./•■ • • •- > . 

Where Piaget 'expiici tly breaks off with Russell and the extreji^.e f ori?;aiisrii ^ 
of much logical theory pf the foundations of mathematics is not; in terms 
of tiie structures and concepts of- sets anU logic but with the' linguistic ' 
base:? of those ideas proposed*^^ formalist and logicist philosophers of 
m.^th^imatlcs . He says that logical^'fo4rrfis do not arise from language but— ^firom 
the coordination of* actions, and "the essential hotibns v/hUch, charact/riige 
modern nat-liemat i-cs are much closer to the structures of ^natural' thought* 
than are the concepts use^ in traditional mathematics" (Piaget, 1975). 

, V . . • • ^ ■ ' ^ 

Sor example, kie^^rgues tb^t'the way in which actions at the'Sensory-motor^, 
level ^re coordinated bjjvassimilation schemes has a relaMon with the *law8 , 
uf the logic of s.'its. "Two schemes cau^tc: coc^rdiaat^d or disassociated 
(jruion), "^ne^ can- be part.iaiiy nested in the other (inclusion), or only ' - 
haVe part in common with the other (inter^lection) ; ... and once a schiJin^ 



impo§fes\ a goal qn an action it is contradictory [exclusion] for the 



75). He not only 
lave th^ir basis 'in 
it'^is through the 

logical notions as 
to form the concepts 



subject^ to go in the opposite direction'* (Piaget, 19*1 
argues* that 'the more contenrporary concepts of logic* 
the psychology af young children ' s» action , but that 
progressive organization of action schemes that such 
.these are strengthened and combined in various ways 

ot traditional mathematics. Nuitiber thetT is not a pr|imitive cfoncept that 
is easily unjderstood, or easily related to counting.j It is a complex' 
.synthesis of a numbei? of separate but- more fundaraentja^l ideas. Further-" 
more^, the concepts of^j::ontinuous ' q^uanti ty of liquid^,' amount of a f>la^ic 
matfferial, length, height, and Volume of solid objects also develop in a 
systematic order from, and by the natural functioning of, the same funda- 
mental logico-mathematlco operations which, in turn, were ultimately ^ . 
■derived from t\ie' primitive logic of the interaction of assimilation' 
schemes. . * . • * * ^ 

Ipiaget (1967), ^ in response^to Brunerv (1966), as we can n©K understan*d, 
stfongiy objected to any identification of the multiplication of relations 
with cons^ervatCon of quantity. But Piaget and Szeminska (1952) had made 
their ^objection explicit long before. They wrote thea: * . 

It is -obvious, however, that even if the opelration of logical 
multiplication of rfeiatlons were carried through by the child 
of* this stage (noncouservation) it would not suffice for the 
construction of conservation of ' the whole quantity unless the* 
height and width were simply permutated. A column* of liquid 
whose'j height increases 5hd whose width diminishes with tespect ^ 
to ^abtt^er column, may be greater, eqUal, or less in volume' 
than the oth,er (p. 16). 

In the" light of Piaget and Inhel^der (19 74) and Piaget, Inhelder', and 
Szeminska (1960)*,- in which the concept of volume is sharply distinguished^' 
from amount of substance,. I suspect -that this re'ference to "volume" is ^. 
one the authors would now like to change. With this distinction in mind, 
and recalling that there are no* -instruments or procedures witji which to 
measure "amount of substance," we may'be puzzled, by the next two sentences 



subs 

following the two jul^quoted" (Piaget and Szeminsl^a, 1952): 

^. » ' ♦ 

In order to be 'certain that there, is equality^, the intensive * 

gra4uation must be completed by an eictensive quantification, 

i.e., it musA be possible to establish a true proportion, and 

' not merely a qualitative correlation, between the gain in - ^ 

height and tlie loss in A^idth. In other words, there must be 

partition of 'some kind tg supplement the coordination (p. 16) « » 

\ 

How is extensive quantification with true proportion possible for a child * 
who has 'no way oi assigning numbers to 'amounts of sub^st'arlce? « ' 

From what ^we have seen earlier, the multiplication of relations bears ,po^' * ^ 
structural resemblance to a ^proportional (nor>-linear) compensation betweei\ 
the metrical .quantities, height and width. Such compensation wou^-bt^ 
represented hy continuous graphs (raiafions of infinite' cardinality) shown 
in Figure 2. • / ^ * 



13 



17 



• Metrical 
^ height of 
cylinder 




A L Metrical width^of liquid 

Figure 2. Lines of equal amount of liquid in cylindrical 
□jitaih^rs^. 



Suqh a graph depends on measurements of lengt}^, although it does not pre- 
' 3udpose a measurement of vojlome,* even though the formula for the volume of 
a .OTlin^er might be the most familiar way to derive^ i,t for us who know it. 
Howevfer, cbnservation of ^ength does' not appear, until about ^ge 9, so the 
ray^te'ry* still remains of how- true proportion ^jDetween len-gth and width can 
be jconceiverf by the child before he has achieved conservation of length. * 

We need an examp-i'e from .Piagat^s clinical interview reports that would show 
•*u^ li«5«z-^ch41dren use the more modem logico-mathematical concepts they have 
/eloped themselves. Hexe is an excerpt ^firom an interview with Edi^aged 
6 years and. ^ months (Piaget and Szemiitska, 1952, pp. 15-16): 




p(Qlafis A was 1/5 filled^-see Figure 3) 



Int,: Pour a§ iliuch orangeade into this one (1) as there is 
there (A). . ^ 



2. . Edi: . <Filled L to-^he same le^el as that in A.) 



3. 
4. 
5. ■ 

6..- 
7. 

8. ' 
9.. . 
10.' 

12. 
13. 
.14. 



Int. ; 
Edi: 
tnt. : 
Edi:. 
Int. : 
Edi: 
Int . : 
Edi:-, ' 
Int.: 
Edi: 
IntJ : 



Is there the safme amount •to dr:j.nk? 
Yes . . . < . 

Exactly, the sa^e? ^ / * ^ 
No. ' ^ . ^ ' 

Why not? ' ^ *^ , ^ ^ 

That one ('A) irfe^ bigger. - . ' 
WH§t must yfiku d6 to have the same aaounti 
"Put some mor$ in (filling L) . . ' 
J'g that^ right? 

. No. ' * . ' ' ' 

Who has more? ' . ' , . - 



Me (pouring sqrae^back).^ I*o, the other, one h*as more 
(A), (ij^ continued Xo-add mqce and then pout -some 
"^ack, without reaching .a s'atis factory congtlusion) . 





/ 



Figure '3. ■ vessels used in 'investijga'ting continuous 
quantity.-^ ' - ' | . , 



^ . , ^ — .... — — . — II, 


• • * 
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Of Edi's responses Pia-et and Szeminska (1952, p. 16) wrote as follows: ' 
(Line numbers from pirotocol excerpt above ^have been add'ed in' the 'quotation.) 

:..the child baigins ... by filling the narrow ^lass L to the s-aihr 
level as 'the wide glass A (2) he th^n Qispovers , by , comparing 

the two^. columns of equal height,' that one (A) is wider^than [^he * 
oth^r (L) and decides that the first glass \k) contains mor^' be- 
cause*" it, is bigger^ -(8). ' Thus a second'reiatlon , that of wl3th, is 
explicitly brought into the picture ^nd 'logically multiplied' with 
that of the levels. In order to arrive at equality, the child 
pours a little more lic^uid into glass LMlO) thus- pro^^ing the ^ [ 
, reality of this multiplication ' of reiations^^ 

^ 'At 14 ,^ pouring some back, he continues to relate less^\^dth to greater / 
height. That is% a pair of elements from the height relation are combined 
with a pair of elements from width, first transforming the level , in -one 
direction and then in -the, other. , ^ . ' 

^ To ODtaan a rigorous solution to tjj|e question posed to Edi, an algebraic ' 
relation between height and width is requ^.red (Figure 2). ' However, the' 

, concept of metrical quantity 'of liquids, developing before /^ucH" .measurements- 
are 'made, requires an equivalence between parts^of the liquid before and 
after transformation of shape. Fiaget describes the-^ typicali partition of • 
the quantity of liquid into two Wts, the f^rsC of which has the same - 
sh^pe and same dimensions before a;id after the pouting transformation 

""^Tmarke'd "part unijhanged" . in Figured) and , the second of which' is transformed 
in^shape. Once the^ child reco^'izes that the second part is transformed 
from a wide crescent to a' narrow cylin"a^ (Figure 4), the compensation of 
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Figure 4. The partition oF a quan4:ity qf liquid, before and 
after transformation of shape, leading to extensive quantity 
and conservation'of l^uantity . ^ ^ 
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the two dimensions , is assured. The qpncept'of an - extensive , additive quan- 
tity', the Genevans argued, is thereby established* for amount of substance. 
Evidence of the recognition of this ^compensation , however, was rarely found 
in the interviews I ^ave conducted with 'children, and ^iaget and Szeminska 
give only on'e example. However, as the biologist needs 'bnly one flower to 
explain the' reproductive processes of sf plant, sa this ohe example serves 
^o, show how it 4s possible that this compensation idea emerges 'and that 
conservation of amount of 'deformable substance {liquids or plasticine-like 
materiaJjs'^ *over transformations of shape ^becomes* evident . / 

This extensive'^quantitative idea does no-t, however, immediately transfer 
to conservations of weight, and' the techniques of liquid measurement are not 
a^utoma£ically ^J^^feped. Furthermore, conse:rvation of, volume of solids by 
displacement of liquids does hot appear until after 3r6 or 11 years of age. 
These quantities continue to conflict sharply ^Xth kinest?h,€tic systems in- 
vaLved in feeling ^the weight of something and in pushing-^a^ide 'water (thus . 
generating a volume by the movement of a s^urface) . Kio^s thetic-^^Lp^'ttftuc- 
tures (Wltz. and Easley, 1971) tend to restrict the applicability of the* 
operational schema of continuous c}uantity until about the age of - 12-14 
(see Piaget, i974, f. 3), ' * , 

One further ^velopment of Piaget's^ theory (1976) was stimulated by the 
rece^nt .development of the mathematical .concept -of category (McLane and 
*Birkoff, *1967) as a new unifying concept j Since ' categolries arise from 
morphisnis which, in 'turn, arise from systematic correspondences, Piaget.^ 
was recently motivated to look for uSes of ' cbrrespbndences in the d evftlo p-*- 
ment of intelligence. Among other things, he ^nd his- collea^es considered 
whether establishing clear correspoildehces between parts of a piece of ' ' 
plasticinec a,s it unfieifgoes a transformation in shape would assist in the 
developmerit of the concept ©f extensive, additive quantity and cqnservation 
of that quantity over transf ormatij^ns of sh&pe.. When pieces were Ijroken - 
off a ball of plasticine and -added one-at-a-time to the ends of what turns 
out to re3emble a sausage (see Bigure 5)^ children -of about 4 to. 5 years 




Figure 5. A ball of plasticine being transformed bit-by-bit 
iiito a "sausage" ro demohstrate -the correspondence of parts. 
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old knew iinMediately that the amount of plasticine' h^d not be^n changed. 
(This recent experimental * result Had been foreshadowed in a footnote in 
Piaget ,ana Szeminska, *1952, p. 2^}'. However, ±t must have been a great- 
surprise /(contradicting uruch of what Piaget had hypothesized about 'the 
natural •limits to accelerating intellectual developmeqtt (Piaget, 1964)) 
when InVelder, Blanchet, Sinclair, and Piaget recently found (1975) tiYat 
severaV repetitions of this process of carrying out the transformation of 
a pieoe of plasticine led to true conservation of subsDaoce ^several years 
earliffer than.^had previously been observed. Summarizing the implications 
of ^ese experin^pnts , they wrote (1975): ' 

The first of tK^se implications is that one finds nothing , mo re 
/ at the ^nd of a* movement than v^hat was removed at the begiiihing ^ 
of the movement. This then implies _a compensation between what\, 
, ~^ is additive .at the point of arrival and what* is subtractive 
, at the point of departure^.. It is 'this compensation which was 
facilitated by the techniques of sections 1 and 6 [involving • 
demonstrations to the subject] but which is spontaneously 
.produced whfen the subjects, pulling 4 ball {of plasticine] out 
int^ a sausage^ realize (belatedly) tha^ it is getting thinn,er: 
\^ Th'ey understand then, on the one hand, that they have done 

nothing more than^ displace pieces non-delimitedly ("all we did 
wasr to lengthen it") from which, on the other hand, they under7 
stand the :coinpensation between what is added in length and what 
is lost elsewhere (in thickness). This compensation (explicitly 
, formulated iby a number of subjects) , whose appearance seems 
mysterious ^since it Is riot based on any measure, turns .the 
rother way around as soon as the change^ in shape arje understood 
, , / as a result of simple displacements (therefore without 

"productions"), . . * (Inhelder, Blanchet, Sinclair, and Piaget,^ 
1975', trans. J. and R. Easley.) 

^Here, we see real progress has%been made* in clarifying the mystery df a 
metrical quantity which cannot be measured. Compensation^, 'and therefore 
consiervation, come from a partition and a-tbrrespondence'linking. parts before, 
during, and after the transformation of snape. Sp'^it is the^ visual and con- 
ceptual tracking of the parts created by the partition that geherates the 
certitude children feel about a quantity they can't measure or compute. 
iThe authors continue: , ' ^ 



Th*iS important point remains to be made, tjito^the (Compensations «. 

•and extensive and additive identities inheSBIE in commutability ** 
do not suppose at all, when they are applied to a continuum, an 
effective preexisting partition. The displacemenJii-, ance under- 
stood as simple changes of position leaving invariant the quantity' 
while chan^ng the forms, irpply the representation of a possibJI? 

. partition, rfr*<mly between th6 parts displaced and those that 
remain in place; and that suffices to generate spatial compen- 
sations, extensive identities ("We didn*t take anything away or 
add anything," which ^confirms the psychological status of the 
identity operation -l-X -X = o) , and additivity; for partfitive^ 



*This recent observation was f oresliadowed in Piaget and Szeminska (1952, p. 24). 
**A generalization of commutativity without reference to left-tight, temporal, 
or logical order. ^ , 
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^ - addition^ even when it operates on pieces^ wtiich are ntv^ doiimited 
Dut 'which are delimitab j!e , and ev e o befoVe all measure or con- . 
-struction of units, is as operational as the Union of setb or 
numerical addition (Inhelder, Blanchtit, Sinclair; and Piaget, 
.1975; trans. J. and R. Easiey)/ . . • " 

We tiius see th.u a form' of addition; not logical multiplication, is lli- kov 
precursor of continuous quantity*. In th^ same studv, tnese autnors e\ amine 
^e relation between conservation of colTtiauous and discontinuous quantities 
Wfd finxl the cognitive structures in both case^ to be Isomorphic. . In tue 
case of conservatifl^n of number (Piaget and Szeminska,( 1952)~, narlier di:^- ' 
cussed in terms of tiie .coordination of two coiit^auous: quantities, the overall 
length of a- row of counters and the density of the counters in a row (see 
rigure 6), is npw seen tb involve correspondence.-'^ 



Comparison rowj 
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Transformed row 
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Figure 6., Transformations of length and density of a row of 
counters in a (Conservation of number clinical interview. 



What^ is olear for educators from this selective revicv^ of developments in a 
much* more .extensive literature, is th^f the introduct.iiDn into the mathematic^s 
'Curricula of sets, Cartesian products, relations, and functions in the aame 
of new mathematics has not at all been applied to Assist, in the devciopmeiit' 
of the concept of extensive metrical tiuanti-ties . These are*:. till as aimed 
tobe-given operationally (in-the sense of Percy Bridgman, not tnat of ♦ 
Piaget) by the ^ procedures of measurement . * Houeverj the feasihlUty for 
assisting in and not -derai ling the natural 'psychological development of 
the cpncejst of quantity, revealed in recent Genevan work< has verv ^;rent 
significance for educators (Piaget, 1973). ' ^ 



*See a- f oreshadowi;^g of this result in Piaget and Inhelder (197 >, Cii . 8, S. 4) 
^ I" 



'Piaget's theor^ of the development of conservation of .substance may seem 
too •elaborate for the phenomena.it explains. However, when* we look at the 
operational stages through which children go 'in the attainment of- the full,, 
three-dimensional metrical concep'^t^^TrtvVolume (Piaget, Juhelder and - 
Szeifiiaska, 1960,'Ch. 14), we see that Lie makes very, ample applications of • 
the distinctions -between logical and Numerical 'multiplication , between 
asymmetrical relations and additive quantities/ *and between partitioned and 
nonpartitioned space. Briefly, tije substages he finds in this development 
aie: " >^ . ' • 

• V . ■ . . • , 

IIA. ^ Non cons ervat ion of volume together with one-dimensional 
. comparisons. ^ ^ ^ 

* K \ ** , ' ' 

IIB. Intermediate responses*- t 

IIIA. Logical multiplication of relations together with^conser- 
vation limited to interior volume.* • . 

IIIB. First appearance o{ metrical relations. ^ 

I ■ 

' IV.- Mathematical multiplication of three-dimensional measure- 
ment^ together wittt conservati-on of true volume. 

These stages cover children from 5 to 13 years af age and cover the full 
period of^concrete operations plug the early portion of the period of fon[iial 
operations. Reading the excerpts from clinical interview protocols reported 
in that chaptet, together with the discussion of the 'intricacies of the - , 
evolving system of measurement arid reasoning, is sobering indeed for anyone 
who ever thought tl>at , in teacfTing children to measure with a measuri;>g cup 
or gr^du^ted cylinder, h^ had taught the concept of metrical volume. **^To 
illustrate the difference t^etwe'en interior ^nd exterior volume, we quota" 

* the excerpt given for Jui (J^ge 9 years and 6 months, sub*stage^ IIIA) . He 
was asked to construct houses out of cubical blocks of unit measure equiva- 
lent in size to a model but with a different base, and to predict how much 
they would increase the level when placed in a basin of water. 

Jui: Thinks ^that'^a block of 3 x 1 x 12 when compared with another 
of 3 X 3x4 "takes up less room that way.'* 

s 

/ 



Int. : Well, is there the same amount of room iAside the house or not? 




Jui. Yes, because there are always th^ same number of brictef^hether 
the house is put upright or lengthwise. 

Int.: How does that affect the amount of spac^which it tak^s up in 
the water? 

Jui; It talces up more room when It's lying- down. 

'(Piaget, Inhelder and Szeminska, 1960, p. 376.) 



. 24 

20 



ERIC 



Other studies of the displacemeijt of H^ter by objects immersed in it 
(Piaget and «Inhelder, 1974; Piaget, 1974, pp. 88-89) conifinii t^iat the amount 
the water tises is seen as due/to the' weight of, the object immersed rather 
than to its volume, . i'.e. , the sj^ace *it contains, Tjiis ^act Piaget -^attributes 
to the degree that "bodies are untferstdod to be made up of particles..." ' * 
(Piaget, 1974, p. 94) and thes^^ particles are arranged in a "tight" way 
tt^at ensures that the active weight and the p$issive being weighe.d do\Vn of 
these particles' are distributed uniformly throughout the body by a kind of 
mutual interaction of the particles. Obviously, the same kind of consider- 
ation must be* given to the (Composition of the water if- its rising "fs^to be- 
seeii^s purely an effect pf volume. / / 

He^re, particularly, we see a breakdown of the artificial barriers that 
separate mathematics » an<^ science * in schools. But, most important, we can 
see that Piaget 's research is not going to support any general policies as 
' to wheil certain topits should,^^ introduced in the curriculum or haw tfte 
classVJ5)m should be arranged. ^^ere seems to be no escaping the impliqa- 
tions he has carefully spelled out that teachers would have' to undei;^tand ^ 
rather well the process of (Cognitive development and .listen to and observe 
children carefully so as. to grasp with reasonable accuracy what kind of 
mental .operations - they are bringing to beaf on a given task. Then they 
could help ctiildren individually and id groups- explore their environment 
in ways that stretch their cognitive systems without penalizing them for 
having slower development thanr^other classmates. (See Denis-Prinzhom and 
Gifize;^ 1966.^) - 



' Soviet Studies of Mathemati(:is Learning and Teaching 

The recent t;:an^lations of stu^dies-of mathematics teaching and learning 
by Soviet psychologists are not only interesting for' the contract Ih'ey 
provide with the more familiar American and European studies, but also they 
may enable us to gain an insight into the causes* of our own educational and 
psychological history., Rather than 'think of learning as behavior change 
and teaching as the manipulation of stimuli, Soviet psychologists stu<5ying 
mathematics have been intereste^l^ih -problem solvii^g and reasoning. Fot ' 
e^^ample, Krutetskii says: *- - , 

In eonformi'ty with the basic tenet of Soviet psycholagy that one 
must study abili'ties within the activity for which the abilities ^ — ^ 
are, being studied, and on the basis of an analysis of this activity, 
we believed that ^experimental problems should, as a rule, corres- 
pond to the nature .of a pupil's mathematical activity (1976, p. 89). 

He also refers, to the view of Engels that "the numerical relations and 
spatial fonjjs of the real world are the object of study in mathematics" 
(Krutetskii, 1976, p. 86). While this does not mean that algebraic 
relations and geometric theorems are relegated to a minor r6le in favor 
statistical graphs and anatomical drawings (noXhing_cPjalxLbe.-f.urther from - - 
the truth), the extreme' forms of .Platonism and formalism which undei^lie model 
mathematics programs in the U.S. are not in evidence in these studies. ^. 



la effect, tbe curriculum as*ip is, and long has been^ conceived by taac^ers 
parents-, studerti-ts, and administrators is accepted as' the st^Vtiag paint of * 
research. 'Improvement^ are sought within it, nor by replkc^juei^f of it. 
However, improvements within ttie traditional ^curriculum and methods o'^f' 
teaching are noj: sought by attempting to conceptualize mathematical und^^-^' 
st<^ding differently or by putting aside the judgments tea^diers make,, 
replacing tl^eir natural perceptivity with *eehanically made decisions, as ' 
Tias occurred^ in many of the reforms and irtnovat;ions in the U.S.A. Rather, 
dt is assumed that teachers can tell which students understand porrectly 
and which ones do^ no^t, ,and wAJ.1 understand what is ^discovered or* invented 
in tlrfe jKSy of improvements in pedagogy. The USSR may be the last major 
.country preserving a close relation between th£ academicians and ^ the schc'ol 
f)ractitioners. (England has j^isf decided that all teachers colleges have 
to be, university affiliated to-be allowed to continue, and those that 
cannot find a sponsoring* university must close. • It is feared 'tfhat this may 
result »in the same separation between schpols and .academicitos as we, now 
find in this country.) / ^ ' " 

\'Jhen Krutetskii attempts" to isolate the components of mathematical ability , 
for the purpj>s^s of investigating their processes,' understanding them 
better in order to assist it^their development*, he ^eaxch^s the literature 
and comes up with the following list: ' ' - ^ 

An abilitiy to shorten the reasoning process, to think in curtailed 
•structures. i 

! • ' ' ' ^ » « 

An ability ito reverse a mental process (to transfer from a direct! 
to a reversif* train of thought). * ^ 

Flexibility of thought— an ability to switch from one mental ^ 
* operation to another. 

A tnathematical ji(lK)ry. It can be 'lissiuned that'^'tjii^,. characteristics 
also arise. from the specific features of the mathematical sciences, 
. that this ^s .a memory for generalizations, formalized structures, 
and logical scheme^. 

An ability for spatial concepts, which is directly related to the ^ 
presence of a branch of mathematics suck as geometry (especially* 
the geometry of space) (19^7, p.- 88). * 

These abilities are conceived ^s determined by the nature of math^mat;ics 
snore than by the nature of human thought processes, v Krutetskii is not 
engaged in Piaget's task, trying to discover in children's thought the seeds 
of mathematical thoqght in general, i.e., how it was possible for man to • 
ha\^^ created mathematics. He is not attempting to apply a general learning 
theory ,_sirch as operant cenditioning, or to define these abiiitiiss in 
oehavioral -terms. Nor is he adopting a general theory of the , nature of 
tho^natics or mathematical proof such as that deriving from Boole and 
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Frege. Each classical -branch of school jnathematics , arithmetic* algebra, 
geometry, is accepted as given and as generally understood b,y those who 
- teach it. There is no attempt- at reduotionism, reducing either mathematics 
l?amirig or mathematics itaelf to some simpler system of elements. The 
terms of these^atjilities are such as teachers who have mastered the branch 
of mathematics Jthey teach would understand. ' . . 

,/From this point%of view, efforts to isolate general abilities derive from * 
a kind of ^poiji^tless , abstract^^^y^chology He develops -and sjtudies^ inter.- 
correlations among tfes^^ for each ability, but as Kilpatrick and Wiji^zup 
complain in the introductioti, "He n^er shows', by, including all the tests 
in one analysis, that the groups he nas formed 3Te associated with different 
factors" (Krutetskii,; 1976, p.'xv). what would be*th^ point of So'lng that, 
ei^cept to sort pupils out in "general ability groups which would do violence 
to their feelings of individual worth. A mathematics teacher's job is 

• (Clearly to identify specific mathematical weaknesses and work for their * ' 
improvement in individual pupils. So mathematical abilities are naturally , ' 

. - defined within that conception. To illustrate this point mote precisely, 
note how Krutetskii. describes reversibility of mental processes: ^ 

>In the first pl^e, ,it is the estab^lishing of;>two-way (or 
reversible) associations (bonds) of the type A-<-*-*-B, as opposed 
to one-way bphds of the. type A— ^B, which function only in one 
direction. *. 

In the second place, it as the reversibility of the mental 
process in reasoning, thinking in a averse direction from the ' 
rd^ult or the pro*dut:t to the initial data ... But the specific 
\ ways that the thgught. travels can differ greatly. 

Thu^ we shall s^eak of > direct and reverse bonds. A sequem:e of 
thought from A to E, say, will be regarded as a direct bond; a 
thoyght *^equertce going in the opposite direction (from E to A) 
' * wyi be regarded as ^ reverse bond' (1976, p. 287)'. 

' ' \ J " ' < ^ ^ . ^. . 

The overwhelming majority of the avei^age pupils coped with 
^ solving the reverse problems without sjrecial exercises... 

^ As for the ilricapable, pupils ... a direct bonfl canbe securely \ 
anchored in them, but ^ reverse bond is not {produced without 
^ speci&Hfexercises. Here we are discussing correrct reverse * * - ♦ 

^ bonds ... FoT them"^ the question does not even' arise whether the. 

ajev6rs^ (theor:em, "feourse or reasdning) is correct in the "given ' 
Ih|i|ance (1^76, p. 289) (uhderlining added). • ^ 

: . It is clear that, although' Soyiet psyJBiogists may discpss^ bonds fo^rmed b^ 
^ arbitrary associ*atiohs , in learning- m^^ema tics an evaluative process ni«st 

• always enter in to be useful. HeWce, the term "ljond"**iS stretched from .its 
limited, reductionisfmeaj^ng to a much richer, meaning in which the prbqess 
of reversing is not ^divorced from^th^ process of judgment of coiyectness. 
Thiff is an adaptation of; psychological theory to the educa-tional jitua^tion 
as defined by teachers that would ^not be rlUfie by many tfesteirri pSycholoig'ists . 
fheir view, would* tend to be that the practice and* beliefs of te^chers/sfiould 

" ■ 
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be modified to conform to .psy Aological discoveries, and. that objectivity 
is the chief criterion, not usefi^lness. - The question of,. whether most 
teachers can modify their views and practices to conform to even one of 
the psychological or theoretical positions w^ithotit years of intensive 
retraining has to be answered before one can judge the merit of the 
Soviet strategy in educational psychology. But, at least, it can help us 
reflect on the disappointments of our own ventures, ^or in the remoteness 
of a Piagetian system. 

J < 

Lest the reader be left, with the impression that no substantial changes?* are 
beiiig proposed in the traditional ways of teaching mathematics in Soviet 
schools, let me review, briefly, an example of the kind of changes some 
Soviet 'writers are 'proposing. Ghe tverukhin (1971) reviews the difficulties 
thai: teachets have had in , teaching -Euclid ''s Elements of Geometry in^the. 
development of sufficient visual imagination to permit ^^n understanding of 
theort^ms a^id proofs. Pointing out the inadequacies of merely showihg thr-ee- 
dimensional models of geometric objects, Chetverukhin tries out ways of 
exploring what geometrical abilities children have, at various ages that 
might be developed. By -asking children to draw familiar three-dimensionat 
objects from memory, he was able to show rtiat three;::^imensional and cpmplex 
mechanical aspects are perceived early "and the abintyXto represent th^m 
accurately ^can be taught. In a task suitable for older secondary students', 
drawing sections" of a ring^ (circular ' torus) , either alone or in a re^Ctangu- , 
lar bpx, proved challenging. The most difficult section, perpendicular to 
the plane of the tc?rus and just grazing fehe hole, very, few even at the 
pos.t-second'ary level could draw accurately except those in engineering 
.courses. .A major defect noticed was the tendency to use stereotyped 
forms, e.g.\ circles' and rectangles in standard pofsitions. He recommends 
strongly, oh th^ ba^is* of -his study, that the tea/hing of geometry, should ' 
be strongl^ supported by spatial concepts developed- through such means as 
Constructive and projective "drawings for surfaces /of rotation and perspective 
drawings of standard figures in arbj.trary positio/s. ' • 

It is extremely interesting to specu/dfte what research in mathematics 
education in ttiis country would become if the mathematical understandings^, 
of teachers and tHe learning problems they identify in their ^pupils V7ere to 
be taken. as the starting point for detailed clinical studies of teacher- 
pupil -interactions in order to arrive at helpful procedures, devices, and 
materials. This idea i^, not far from what Buewell, Brownell, and others ' 
were doing in the 1940s to make arithmetic i^ieaningful (Weaver and Suydam, 
1972), but progress was slow and changes in society andv the intellectual 
climate of teaches ^colleges and the universities Into which they were * 
assirailat?fed or converted were rapid. ^Teacher educators, in order to make 
their way in the univeridty system of rewards, sougjit so^jhisticated intel- 



lectual ^system^i 



prominent" source was statistics; another jwas the structures of the various 



disciplines . 
^tended- to spawn 



, academically in 
provided 



to apply to the task of advancing public edqj^ation. One 



ifferences among philosophers of mathematics^ for example, 
different recommendations for reform of mathematics 



education, the ^implication' being that the traditiox\al curriculum had no 



teresting structur;e^ and that a neW structure h^d to be 



pother* 'source /of an intellectual system f(^r, work in mathematics education'' 
was psychological learning theory. More recently, cybernetics artificial 
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intelligence, ^he Piagetian theory of the/^eyelopment of the intellect, and 
task analysis, have also- been employed^6r the redesign of parts of the 
mathematics curriculum. With mostiffonn programs there are associated 
particular master teachers, who p^onally developed the art of ajjplying the 
particular intellectual system, involved. Meanwhile, textbook publishers 
and editors took what they thought teachers would be able to use and packaged 
a mixture of new ideas with the old in*,the most attractive format they could 
muster, and schools struggled on with .that necessary subject few ever clailn 
to understand. The various forays of universdty-^based mathematics educators 
seem to have had at best a superficial impact. Schools were possibly too 
busy with other matters: the civil rights movement^- the drug culture,* and, 
more' subtly, with a set of ris^g expectations on the part of students and 
parents tha-t individual interests, abilities, disabilities, and ethnic back- 
grounds would be accommodated, and furthermore that the school experience 
. would, be fun. 

It is pointless to. speculate on what might have been', if teachers colleges 
had , remained separate from universities, • amd practical improvement in 
lessons had been the prime consideration and the application af theories oi 
all sorts to reforming school^ teaching had been considered' bourgebise or 
even decadent. I don't* believe that American eduation has lost its talent 
for practical advancement, but it d^es appear that the breath between 
peoplfe who work in schools and the academicians in universitt^ has widened 
alarmingly. Despite this pessimistic note, however, the practical uses of 
*the various^kinds of clinical studies in mathematics education that have 
t>een exemplified by the foregoing sections do offer a* substantial ray of' 
hope. To this problem we now turn our attention. * 

The Uses of Clinical Research in, the MathemaLtics^Qla'ssroo'm 

From the point bi view of traditional types of research the title of this 
section is ambigupus, because it could refer to tne uses qf research results 
or to the uses 9f ^research methods in the classroom. Both interpretations 
are; riecessar^. From the perspedtives of the clinical research reviewed 
above, there are no results which can^be appliedl willhout at the same time 
engaging in| further use , of clinical mathpds, and the methods benefit greatly 
from what others have found. Traditionally results are generally stated ' 
in terms of< relationships between variables (usually some form of co- 
variation in some population) And clinical research usually results in the 
y recognition of ^processea^ or mechanisms of some kind that explain why things 
'V work in a particular way. To be sure, mechanisms and processes vary in 
Aany ways, A clock mechanism can l?e measured in many details — the number 
and size of Its cog wheels, the number'and size of the teeth on each wheel, 
£he type ^d period of its pendulupi, * etc . , but these various measurements 

^ ' and the ways they cov^fy are secondary because their meaning de^)ends on 

understanding* hcfw a gear train' works« and . how an escapement work^. When .the 
f clocksmith sees What is wrong and>jwhat is ae^ded to- fix^it, he usually has - 
not depended ptx measuring any dff :ho€e things*, however ,• when a mechanism 
is hidden, as in a ch^^nical reactJton, or 'fn a disease of a complex organism, 
the measurements of variables ar^ essential to determir^e w^hfch of Jthe many 

' *^ known, mechanisms possible is involved at a given time^.* However^, ^ven wh%i 
there. are no cog wheels tb be seen, the d^co^^ry bf which.'of thfe possible 
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m'ecjianisms is operating demands a mental pt&cess quite different from 
studying patterns of covariation. Instead of looking aj n-dimen^onal 
spacer, one thinks of structures, whether they be systems of atoms or sys- - 
terns of Ideas or organ systems or "systems of cbnceptions, *as in Erlwanger's 
treatment oN^ Benny, ^ , 

In the case of Piaget the mechanism assumed in most of his later work on 
the development Qf iatelligence in sch'ool-age children is based on the 
analogy between, what mathematicians call structure? anci what /biologists .call 
structures. He supposes that mathematTcal structures underlie children's 
thinRing about quantity ^and causality and that they go through progressive 
differentiation and specialization like the structures of 'the body. It ±h 
his hypothesis , in' fact, that mathematical structures .are biological struc- 
-tures of the species that does mathematics. Then, extending -hi^ analogy 
further, he proposes that these mathematical structures carry qb a process 
of assimilation; and accommodation like other biological strucrurae. • few 
elementary schciol teachers will be applied mathematicians of the sort who 
might make use of ati^H^athelaatical theory of mathematical learning. Most 
teachars may b^hapoier with the more practical-minded Soviets who take 
abilities as ifecognjzed by teachers and attempt to differentiate them more 
clearly from eabhi-erther and speculate about how they are formed and ho^ 
they may developed — not as genei:al" psychological variable^, but as 
contextual {Perceptions. 

Clinical r^eayhers of any of these broad points of view,' and others' as 
well, will see classropm events more clearly beca,use of their research, ' 
for they are likely to notice the kinds of structures they have seen before. 
They are also likely to notice variations from familiar structures that 
may make a difference iti their functioning, ^ in a clockworks, the varia- 
tions in a given structure are secondary, given^by the structure, but 
important. In this process, no rules emerge that don'^t have lots of * 
exceptions. ' The teacher must watch and listen aftd try to understand what 
the pupil is doing and saying, and take the pupil's words and actions 
seriously, not just as mischievous or sloppy, thouglf' occasionally they may 
be that. Any such hypotheses, a5 well as hypotheses about thk pupil's sub- 
stantive 'ideas of mathematics, need to be checked carefully from time to 
time. Jumping to conclusions is necessary to get started, but all such 
conclusions mi^st also be challenged vigorously. 

It is, common to hear the obje|kidh that clinicarl understanding is 
idiosyncratic' and^not re^liable^-enough to serve as a basis for a science or 
technology of education. This objection arises from a conservatsive method- 
ology which hopes tp reduce the process of scientific advance to^mechanical 
procedures. However, physicists and mathematicians often have given 
expression to the' great dependence that the advancement o^f science has on 
human freedom and. creativity. Consequently-^ I am.prone to take mor^ seri- 
.ously U^e objection of Herman Weyl, a mathematician who contributed 
greatl^to the ^development of modern physics. Weyl argues*that, although 
our knowledge of another ''person' s mind is of indisputable adequacy for maty 
intimate and Complex acts of communication, ^it is nevertheless limited in' 
contrast to the uiathematital way of constructing theory developed during 
the past three centuries.. He says: 



• %^the scope of the understanding from within appears practically, 
fixed by human nature once fofi'all, and may at most be widened 
a little *y the refinement of language, especially the language 
in *the mouth of the 'poets* Understanding, for the' very reason • ' 
that it; is concrete and full , lacks the freedom bf* the 'holl'bw 
symbol' (1964, pp. 580-581), - ! ' - 

In the^ case we are^ talking about of a^ teacher trying to u'hderstand his or 
her pupils by empathy and being responsive to them,' the problem is not, as 
• many J:ea Cher s fear, that they, will differ too much from what other teachers 
might s^y }.n their eflofts to ^understand the same-pupils, for that problem 
can be solved by careful examination,. The limitation of direct personal ^ . 
understanding of another human being, or of oneself, is that there not> 
enough variability and too much stereotyping. 

Whittaker (1975) describes how she encourag#s^ri-mary school ^eachers ^ 
mathematics to interview the.ir pupils using Piagetian tasks, not -as a means 
'af assessing progress nor even as a basis for curjriculum planning and 
decisi(^ns, but simply as^a way of getting to know the children's minds. 
This seems to be Piaget's recommendation , 'Jioo (Piaget and,J}uckworth ^ 1973), 
The advantage his tasks seem to have for, this purpose is that they are 
safe from correction, ,once the teacher knows that children go through^ . 
different stages in terms of the kinds of answers they are likely to give. 
An unacceptable answer^f rom an adult point o^ view need aro-use little con- 
cern, for the next year or so will certainly 'bring the child^to tti'e point 
where h^ ^or she has a more acceptable answer. The chi|d knows, too, if the 
interview is conducted properly, that he or she can say what he or shfe thinks 
and give his or her own reasons. It is harder for a teacher to 'get sjuch 
*hon^ty f rom- many 'pupils 'with regard to the specific subject matter 
being studied, and ye*t the 'l*fagetian interviews cover ideas that are" funda- 
mentally related to the subject matter of ^mathematics , ^ 

It is certainly riot necessary for a teacher of school "mathematics to know 
Piaget 's mathematical theory of the development- ofjnathematical concepts. 
There are plenty^ of .very successful teachers wl}j>^never heard of- it« And 
it is not necessary for teachers to have other inte1sc|^wets come'in and 
check how th^Ir students *dre conceiving of njathematicsV^or again success- 
ful teachers exist who don't do this. It does seem to me,, howevef, that 
without some kind of cleat channel of communication, in whi cm every pup il^ can 
tune in to the teacher when he or she is feeling lost, therg^ill be f ar, too 
many pupils who are lost'. Mathematics fs traditionally a hara iubject, an<J 
many people feel that it fs'no disgrace to be "dumb in math,"'lfut thgre^'r 
seems to be no good reason fox it. The most probable reason that a size- 
llle percentage of pupils have difficulty in mathematics classes at all 
levels of schooling is that &\e best students set up a private mode of * 
communicatidn with the teac^ijer (often picking' up the teacher's own words 
quickly) ;^ahd those who dgn't Immediately catch on t,o this language feel 
left out and stop trying to unde^tstand in their own way what is g6ir\^ on,\ 
They just try to do enough to get b^ or else they actively rebel against.^ 
-^the tether's requests. 

Clinical interviews can, help reestablish communicatioti% through alternative 
channels,, in alternative terminology, and can reduce the feeling that there 
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just 'one preciise way in , which the jwork is to be done. Teachers and 
pupils alike -need the ^^onfidence that comes from occasionally finding out 
Vhy some thiijig 'was 'hard fot someone tp understand. The point of view here 
is that ^ach particular child is the authority on what he or ahe thinks and 
what "makes sense to him or her, not Piaget, not any researcher, no matter 
how 'deeply thb resSarcher has probed or haw broadly be or she has sampled. 
Even if one knew that 95% of^all fourth grader^ did not accept 'conservation 
bf volume (a far more positive piece of information than any authority" would 
support), it copid not confute a particular- child who plainly says that no 
matter how piece of plasticine is* deformed or arranged,, , it will displace 
just as much water. Statistical summaries can at best only alert the ^alert 
teacher to particular possibilities, and actually conducting clinicakL inter- 
views can teach' one better how to recognize thfese possibilities than any 
psychometric or interview schedule that could be publisjaed. 

Conducting clinical interviews provides training in tn^y^ntorpretation of 
human th-ought and can, if^ desired, draw'into the proce^ the most sophisti- 
cated kinds of intellectual tools one possesses, but basically it depends 
on one person's attempt to understand another. The published studies, 
many, of whiqh will'be listed' and categorized in the next section, can only 
provoke one to try different kinds of tasks that might not have occurred 
spontaneous-J^y and to^try probing for different kinds of ideas that one 
would not^ have" thought to look ' for* otherwise . They do not teach how to^ 
teach. That is something each teacher began learning at his <fr her mother's 
kilee and continues to learn throughout a lifetime, for teaching is one of 
the most common fo^rms of human ititeracjtion there is and its specialized 
organization in schools is the source-^ as much hindrance to -its natural 
development as H-t is a he-lp, ^1 see many p(5isibilities for the development 
\f teaching by teacher^, and cflinical »s tudlles have a potential tor helping 
many teadle^ achieve major 'advances in their ability to help children who 
otherwise wouldn't be reached. 

The Literat^ ji ^ of Clinical Studies* in ilattTematics Education 

This section will list documents the reader may find useful in following 
up on the t^pes\of issues that have been introduced in preceding se.ctions. 
It will ^follow the sequence of those sec^tlons. 

The literature on the methodolWy . of 'clinical and case studies relevant to > 
mathematics education is limitea indeed. Bang (^966) i^eviews the develop- 
ment of Piaget's m^thocle clinique . In addition to Stake (1976), Campbell 
(1975), Denis-Prin^hom and Grize (1966), and Piaget (1929) , .whi^ have . ^ 
already been mentioned, Witz (1973) is a key paper which intsodlices the 
methodology of analyzing a nons true tared interview in terms '^f the guiding 
conceptions of younger subjects. It takes the reader through the complex 
decision-making [Process in an analysis of an interview with a 4-1/2 year- 
Qld child working with a beam-type balance'. Response latencies are used 
to support the c^ecision about framework boundaries. Knifong (-1971) analyzes 
four other such interviews with children of about the same age in a similar 
way, but als6 developing intra-framework* structure . Easley (1974) develops, 
the diagram of Witz' structural para4igm into a system for accounting fojr 
two dif f erent-si^ed elements of an iriterview protocol. This technique is 
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further developed by Clement (1977). Vinh Bang (1966) traces the 
history of the clinical interview in Piaget's work. Piaget (X967) makes 
^'pointed 'suggestions on conservation interviews. The specific issues that 
divide experimentalists and more , clinical approaches are treated in 
feasley (1966, 1967a; 1967b, 1971,' 1973, 1974, ^nd,1977). An' entirely 
differ^t methodological .approach to protocol analysis is found in the work 
of Newell and Simon. See for example, NewelL and Siiijpn (1972) in which 
a computer simulaticm of human problem solving is^ presented; Paige and Simop 
(1972) for a discussion of solving wor3 problems in algebraj^^and Simon (1975) 
' for a general revi^. 

Erlwanger's disserjtation (1974), in addition to provicftig counter-examples 
.»to many conventional ass'umptions , is a rich source of .ideas about children's 
responses to rather highly programmed situations. For example, the second 
case study 'concerns Mat, who differs from the subject of the first study, 
Benny,* (Erlwanger, 1973, 1975) primarily in the elctreme dependency that he 
has on the text aim in the absence of any struggle or resentment against 
the lack of conaistency from one page of his work to the next*. It provides 
^ a powerful lesson in how misreducative dutifully following directions can 
be. In addition to the discussion of Benny by editors in footnotes already 
alluded to [See Davis (1973) for his iTiterpretatlon of Benny case], other 
clinical studies of children attempting to solve arithmetic problems include 
Steinberg and Anderson (1973), Davis (1975a, b), Davis and Greenstein (1969^ 
Jencks and Veck (1972, 1975), Leiser (1974), Peck ^an(^ Jencks (1974):, Wit^ ^ 
and Albert (to appear^ . Earlier work along the same vein is reported from 
Germany (Fruedeathal, personal communicat4.t>n) , Wagenshein (1965, 19 70), 
and the studies earlier alluded to by Brownell (1944a) and Buswell (1926, 
.J.949). Other studies by Brownell (for example, 1928, 1944b, 1947^ 1956) 
constitute , an im^oi^tant part of this literature. 

An interesting stu5y which illustrated a creative method of structural 
analysis is Witz and Albert (1975,* to appear). It is a heuristic analysis 
of -^part of an interview on arithmetic with a very competent 12-year-old boy 
which move s^ to successively .deeper levels of mental process, arriving 
' finally by a boot-strapping process at the conception of an ''irradiated 
■ state" of mind in which clarity is impressively evident. 
$ 

I proposed (Easley, ^^964) an operationalization of a particular apjjlication 
of one of Piaget's mathematical structures of the formal stage, the INRC 
group. Witz (1969) proposed an axiomatizatlon of grouping I, and Grize 
(1969) discussed the ajclomatlflation of Piagetian structures. Kamara andj^ ., 
Easley (1976) review methodoxofeical issues concerning cro^s-cultural 
studies of cognitive development. Witz (1970) presented an axiomatizatlon 
of an alternartive structural anal>|[g^s. However,- on the whole, the method- 
ology of mathematical modeling of cognitive structures in school mathematical 
subjects does not have a well developed llteratfire. A more general approach ^ 
to human cognition IS described'in Wi^ and Easley (to appear). For oth&r 
points of view o^Piagetian interviews see Smock (1973)y^Ennis (1975), 
* Steffe (1973), and^unzer (1973). 

n 

In addition to Pi^r^t and Szemlnska^ (19^2) classic work on number and t 
quan^tity, and the more readable bopk on geometry (Piaget, Inhelder and 
( Szemmska, 1960), the new transl^lion <Plaget and Inhelder^ 19J4) fills a 
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gap that has existed too, long in EngJ.ish translations of Genevan studies 
of the development of quantities. The most' elegant mathematical theory of. ' 
the development of mathematical .concept^s, though much criti^cized, is Piaget 
and Inhelder (1956). Another new English translation (Piage.t and- Inhelder, / 
1975) on the origins of chance-in children's thinking is most welcome, Tor 
it is oi^ of the most clearly written, of what usually turns out to be rather • 
heavy tomes.' For studies of logical multiplication and conservation learning, 
"see Inhelder and Piaget (1964), Inhelder, Sinclair, and Bovet (1974), and 
Piaget (1977). ^ " ' 

The chief resource today for Soviet studies in mathematics Teaming is the 
impressive fourteen-volume series edited by Kilpatfick and Wirszup (1969- 
75). I nave certainly only just begun to sample this storehouse in such 
studies as the two by Bogolyubov (1972a, 1972b) on" solving arithmetic 
problems and Chetverukhin ' s (1971) study of sp^ial concepts and imagina- ^ • 
tion. * Krutetskii' s (1976) highly readable account of both clinical and 
.correlational studies (also edited by Kilpatrick and Wirszup) is another 
source of major importance for the clarity of his ^^iiilosophical 'position. 
I have also, found help in developing my perspective on Soviet stjuclies , 
articles by Gal'perin (1969) and >C^1 ' perin andj Talyzina (1961). For gene;ral 
background*, the text on the teaching of mathematics, to whicli some of tn^ 
Soviet research studies can be related, ^ Khinchin (19^8). 

) 

Robert Karplus and others have qonducted a number of studies of tests on 
lagfcal and proportional reasoning, that invite comparison with Piaget 's 
clinical data. Five studies, Karplus an3 Karplus (1^70), Karplus and 
Peterson (1970, 1972), Karplus, Karplus, and l^/ollman-'( 1974) , and Wollman 
and* Karplus (1974) have been recently reviewed by J ravers and '^lasley (1976). 
Full^, Karplus, and Lawson (1977) summarize this work and present theij» 
echrcational interpretation from the point of' view of conventional phy^Jf s . 

Papers on the teaching of mathematics, which discuss the uses- of clinical 
studie^s include Bauersfeld (1967), Easley and Witz (1972), which use clini- 
cal data to criticize parameterized forms of individualization, Easley and 
Zwoyer (1975), Whittaker (1975>, O'Brien (1974, 1975), Piaget (1975), 
Folya (196^2, 1965), Piaget and Duckworth (1973), Skemp (1971), ^nd Weaver ' 
and Sxiydam (1972). A rather differeijit interpretation is placed on clinical 
research and teaching by Copelaad ^1974) . [For a cri^tical revi^w^ see 
hlasley (1971).] i\nderson (1^3) al^© takes a different view of what it 
means for a child tQ learn mathematical reasoning. I ^ ^ 

^ " ■ \ 

Eoc .a. disc;ussion of teachers' points of view qn the teaching of mathenjatlcs , 
^another subject whi9h can be profitably studied by clinical methods, se^ 
Shirk (1973)" and Busis, Chittenden, and Amarel (1976). Since one cannot > 
avoid asking the quesl:ion, "What is mathematics?'*, when engaged in examinihg' 
the thinking of individuals, it is useful to have reference to such readable 
accounts as Lakatos (1963) and Halmos (1968). 'For more detailed documenta- 
tion of rather similar "views^ see Polya '(1954) . We may appropriately close 
this too brief review on the teaching of mathematics- by the quesfLon raised 
in Halmos' paper: . ^ 

In painting and in, mathematics there are some objective standards 
^ of good — the painter speaks of structure, line*, shape ,. and texture, 
where the mathematician speaks of truth, validity, novelty,^ ' 
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gene raj.ity— but they are relatively the easiest to satisfy. Both 
painters and mathematicians debate among themselves whether these 
objective ^9 ^andar^ds should even be told to the young — the beginning 
[student]^^^^ -misunderstand and overemphasize^ them and at the same 
time lose sight of the more important subjective "standards of good- 
ness^ [Mathematics] is a creative art because mathematicians 
create beautiful new concepts; it is a creative art because mathe- ' 
• maticians live, act, and think dike artists;- and It is a creative 
^ art because mathematicians regard it so (Halmos, 1968, p, 389), 

For a discussion of a creative, type of elementary school mathematics — as 
viewed by a mathematician — see Bauer§feld i;i967). For a more teacher- 
oriented view of creativ4.ty on the^ part of elementary school children see 
Whittaker (1975). Driver (1973), however, sjiowa that the. original thinking 
of i2-year-old children with quantities ,can regularly lead them to conclu- 
sions considered wrong or at least Very surprising by theii* teacher just 
because they have such a different conception of the quantities themselves 
and the mechanical way they interact. What we have to admit is that 
children engaged in Creative thinking about quantities (both discrete and 
continuous^ will take years to achieve the standard^ set by objective 
measurement, calculation, and logic. But it is a' sad commentary on the 
mathematical ideas of teachers if we conclude , -with "Qopeland (1974), that 
meaningf ul ' ins true t ion in mathematics cannot occur untfl children have 
achieved the standard concepts. For, as Halmos (1968) saysj there are 
*'more important standards of goodness/' We take these to include' (toi; 
teachers and -children alike) curiosity, analogy, symmetry, surprise, anci a . 
conviction tfiat things ought to fall into place, into some natural ord^. 
When these fail to happen, school mathematics becomes a burden, a mysterious 
language, and worst of all a humiliation. 

SuHimary * . \ 

In this review of clinical studies fn -mathematics education, tather than, 
attempting a complete survey and classification of studies, we have attempted 
to address the concerns of those , who, not ufeed to clinical or case studies, 
find it difficult to evaluate or even follow the literature. To this 'end, 
we h^ve examined examples of three different kinds of studies which are of 
current interest, and we have tried to draw out the conceptual* or theoreti- 
cal issues in which their authors are involved. ,This has provided evidence 
to support Campbell's claim, ' discussed in our brief methodological section, 
that case studies -of ten test m^ny moreyfiieore tical hypotheses than is the 
'case with experimental studies; thein\ve9iigators , h^evej, bent on finding 
^an explanation, often neglected yOmention ^the many hypotheses discarded 
aitd the evidence on which they were discarded. 

Erlwanger's 'Study of Benny, as we have indicated, raised tfie question as 
to how different ways of thinking Benny used iri arithmetic could be ^ 
integrated — a question which Wittgenstein Jiad raise'd ig his studies of the 
foundations of mathematips. While we have no clea?: answers, we now have 
an important question 'that has been t6o^long ignored — not just in various ^ 
individualized programs ^.n <nathematics , but in mathematics 'education 
generally. In our review of|4^iaget'^ efforts to litiderstand the origins of 
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quantitative ideas in the cognitive development of children ^ we saw that 
sophisticated, ©odem mathematical concepits ,can provide theoretical tools 
for understanding processes that mathematics educators have taken for 
granted, such as the development of the concept of amount of liquid Qr 
other deformable substance. In ouV bri^ef look at a few of the Soviet 
studies of teaching and* learning C[iathematics;.we saw that Soviet investi- 
gators, unlike European or American mathematics educators, ftave accepted 
the traditional goals and practices of teachers as gtyen' and not attempted- 
to replace them, except to provide clear, practical^sSi^tiofts to problems 
identified by the teachers themselves. 

In sura, instead of overriding concern for objective -and general formulations 
of knowledge, clinical aad case studies of these kin'cis show, a primary con- 
cern for understanding alnd helping teathers understand and deal witl^ the 
phenomena of children thinking quantitatively. * 
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